Abstract. We generalize several integral inequalities for analytic functions on the open unit polydisc U n = {z ∈ C n | |z j | < 1, j = 1, . . . , n}. It is shown that if a holomorphic function on U n belongs to the mixed norm space A p,q ω (U n ), where ω j (·), j = 1, . . . , n, are admissible weights, then all weighted derivations of order |k| (with positive orders of derivations) belong to a related mixed norm space. The converse of the result is proved when, p, q ∈ [1, ∞) and when the order is equal to one. The equivalence of these conditions is given for all p, q
Introduction
Let U 1 = U be the unit disk in the complex plane C, dm(·) = 1 π rdrdθ the normalized area measure on U, D(a, r 0 ) the disk in C centered at a with radius r 0 , U n the unit polydisc in the complex vector space C n , r, ρ, δ ∈ (0, ∞) n and α ∈ (−1, ∞)
n . If we write 0 ≤ r < 1, where r = (r 1 , . . . , r n ) it means 0 ≤ r j < 1 for j = 1, . . . , n, and r + 2 stands for (r 1 + 2, . . . , r n + 2). For z, w ∈ C n we write z · w = (z 1 w 1 , . . . , z n w n ); e iθ is an abbreviation for (e iθ 1 , . . . , e iθ n ); dt = dt 1 · · · dt n ; dθ = dθ 1 · · · dθ n . Let γ = (γ 1 , . . . , γ n ) be a multi-index, γ k being nonnegative integers, we write
n . For a holomorphic function f we denote
Let
P n (w, r) = { z ∈ C n | |z j − w j | < r j , j = 1, . . . , n } be a polydisc in C n and let H(P n (w, r)) be the class of all holomorphic functions f defined on P n (w, r). For f ∈ H(U n ) and p ∈ (0, ∞) we usually write
, 0 ≤ r < 1, for the integral means of f. Let ω(s), 0 ≤ s < 1, be a weight function which is positive and integrable on (0, 1). We extend ω on U by setting ω(z) = ω(|z|). We may assume that our weights are normalized so that
denotes the class of all measurable functions defined on U n such that
where ω j (z j ), j = 1, . . . , n, are admissible weights (see, Definition 1) on the unit disk U. The weighted Bergman space 
. . . , n, then the space will be denoted by A p,q α (U n ) (the classical mixed norm space). Using polar coordinates and by some elementary calculations it is easy to see that in the case p = q, norms (1) and (2) are equivalent on the space H(U n ). Recently there is a huge interest in studying the weighted Bergman spaces of analytic functions of one variable see, for example, [4, 5, 6, 7, 8, 15, 16, 24] , and the weighted Bergman spaces of analytic and harmonic functions on the unit ball B ⊂ C n see, for example, in [1, 3, 9, 10, 12, 13, 14, 22, 23] (see, also the references therein).
In [1] and [18] the authors proved the following theorem.
Moreover,
The expression A B means that there are finite positive constants C and C such that CA ≤ B ≤ C A.
In [18] by the author of this paper. Closely related results on the unit disc and the unit ball in C n or R n can be found in [1, 2, 4, 5, 12, 14, 15, 16, 17, 21, 22, 24] .
Motivated by paper [22] , in [19] we proved the following result:
and only if the functions
T S f = j∈S (1 − |z j | 2 ) ∂ |S| f j∈S ∂z j (χ S (1)z 1 , χ S (2)z 2 , . . . , χ S (n)z n ), belong to the space L p α (U n ), for every S ⊆ {1, 2, . . . ,
n}, where χ S (·) is the characteristic function of S, |S| is the cardinal number of S, and j∈S ∂z
and the following norm
From now on ||f || * will denote the following quantity
Note that Theorems A and B are both characterizations for a function f to belong to A p α (U n ). The main purpose of this paper is to generalize Theorems A and B in the case of the mixed norm space.
For a given weight ω the function
Definition 1 ([15]
). We say that a weight ω is admissible if it satisfies the following conditions: 
Observe that (a) implies Aψ(r) ≤ 1 − r thus for sufficiently small positive δ we have r + δψ(r) < 1 and the quantity in the denominator of the fraction in (c) is well defined. It is easy to see that the classical weight ω(r) = (1 − r 2 ) α , α > −1 is admissible. Some other examples of admissible weights can be found in [15, pp.660-663] .
In this paper we prove the following results.
. . , n are admissible weights on the unit disk U, with distortion functions
ψ j (z j ), j = 1, . . . , n. (a) If f ∈ A p,q ω (U n ) with p, q > 0, then (3) I k, ω = n j=1 ψ k j j (z j ) ∂ |k| f ∂z k 1 1 · · · ∂z k n n (z) ∈ L p,q ω (U n ).
Moreover, let m be a fixed positive integer. Then there is a positive constant
Theorem 1 (b) was proved in [20] so that we give here only a sketch of the proof for the benefit of the reader. It is an open problem whether Theorem 1 (b) holds if p or q belong to the interval (0, 1]. A partial answer to the question gives the following main result of this paper, which concerns the classical weight case.
n, m be a fixed positive integer and let
, then the following conditions are equivalent
(c) The functions
We would like to point out that Theorem 2 cannot be easily obtained from the results in our papers [18] and [19] .
The organization of the paper is as follows: In Section 2 we prove several auxiliary results, which we use in the proofs of the main results. The main results of the paper, i.e., Theorems 1 and 2 are proved in Section 3.
We have to say that throughout the rest of the paper C will denote a constant not necessarily the same at each occurrence.
Auxiliary results
In this section we prove several auxiliary results which we use in proving Theorems 1 and 2 in the subsequent section.
where C is a constant depending only on p, γ and n.
Lemma 2. Let β be a multi-index and a ∈ U
n . Then the point evaluations 
Raising (6) to the q/pth power, then multiplying obtained inequality by n j=1 ω(r j ) and integrating over r ∈ [d, 1) n , we obtain
from which the result follows.
Lemma 3. Let f ∈ H(U n ), and
Then there are positive constants C 1 and C 2 independent of f, z j , j = k, ρ k and r k , such that
Proof. Let l = min{1, p}. Using Minkowski's inequality in the case p ≥ 1 or the following elementary inequality (x + y)
In the last inequality we have used Hardy-Littlewood maximal theorem, see, for example, [4, Theorem 1.9].
Proof. Without loss of generality we may assume that n = 2. The case n ≥ 3 is only technically complicated. Since
by some well-known inequalities we obtain (7)
, where c p = 1 for 0 < p < 1 and c p = 3 p−1 for p ≥ 1. On the other hand, from (5), (7), by polar coordinates and the monotonicity
Raising (8) to the q/pth power and by some simple calculation, it follows that
Integrating this inequality over [3/4, 7/8] 2 with respect to r 1 and r 2 and dividing by the obtained constant standing nearby |f (z 1 , z 2 )| q , it follows that
, from which the result follows.
Using the change r → (1+r)/2 and some well known elementary inequalities the following lemma can be proved (see [11] ).
Lemma 5. Let g(r) be a nonnegative continuous function on the interval
Proof. Let first p = q. For f ≡ 0 the result is obvious. If f ≡ 0, at points where f is not zero, it is easy to see that
From (10) and by the dominated convergence theorem we obtain
If p = 1 the assertion is clear. If p > 1, applying on the last integral Hölder's inequality with exponents p/(p − 1) and p we obtain the result.
If tr) and then using the case p = q, the result follows.
Proof of the main results
In this section we prove the main results in this paper.
Proof of Theorem 1. (a) Let γ be a multi-index, such that |γ| = m. Let f ∈ H(U n ) and z = (z 1 , . . . , z n ) ∈ U n . Applying Lemma 1 to the functions f (z·e iθ ), where θ j ∈ [0, 2π), j = 1, . . . , n, when ρ > r, we get (11)
Integrating (11) over [0, 2π] n and then using Fubini's theorem, we obtain
Assume first that q ≥ p. Raising both sides of inequality (12) to the q/pth power and applying Jensen's inequality, it follows that (13)
If p ≥ q, then using Minkowski's inequality to inequality (11) , where instead of p stands q, we also obtain inequality (13) . By the monotonicity of the integral means, 2π-periodicity of the function |f (r · e iθ )| in each variable θ j , j ∈ {1, . . . , n} and (13), it follows that (14) ( (14) , where δ j are chosen in the following way. First note that, if δ ∈ (0, A) we have r j < ρ j (r j ) < 1 for r j ∈ [0, 1). On the other hand by conditions (b) and (c) of Definition 1 we obtain (14) , then multiplying obtained inequality by n j=1 ω j (r j ), using condition (c) in Definition 1 and the fact that ρ j (r j ) > c 0 > 0 for r j ∈ [0, 1) and every j ∈ {1, . . . , n}, we obtain
Integrating this inequality over [0, 1) n and making the changes t j = ρ j (r j ), j = 1, . . . , n, it follows that
from which inequality (3) follows.
Let β be a multi-index. By Lemma 2 we know that the linear functional
and for some C = C(p, q, β, ω) > 0. Hence inequality (4) holds.
(b) Without loss of generality, we may assume that n = 2, and f (0, 0) = 0. Also we assume that f is not constant and all integrals are finite. In order to avoid some complicated notations we use M 
